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We calculate, in d spacetime dimensions, the relationship between the coefficient %^'^ of the 
Einstein-Hilbert term in the action of general relativity and the coefficient Gn of the force law that 
results from the Newtonian limit of general relativity. The result is = 2^5| Vo1(S''~^)Gn, where 
Vol(S") is the volume of the unit n-sphere. While the d = 4 case is an elementary calculation in any 
general relativity text, the arbitrary case presented here is slightly less well known. We argue on 
physical grounds that Gn as defined here is the natural unit of "square" surface area (in = c = 1 



units), such that the Planck length £p = G 



l/{d-2) 



or equivalently the Planck mass Mp = l/£p, 



the natural scale of certain quantum gravity phenomena. On the other hand, DC sets the coupling 
strength of linearized metric perturbations to matter and is the relevant factor for comparing the 
effective strength of gravity in so-called brane world scenarios where gravitation and particle physics 
occur in spacetimes of differing dimension. The unitless ratio DC^/Gn is factorially small for large 
d, potentially disrupting the results of naive dimensional analysis sometimes employed in extra- 
dimensional particle physics phenomenology. However, the ratio of mass scales (DC^/Gn)'^''''^"'^'' is 
never more than an order of magnitude from unity for the phenomenologically interesting range 
of 4 < d < 11. The bulk of this effect is due to the volume factor, and is often accounted for by 
defining a "reduced Planck scale" Mp = [Vo1(§'*~^)Gn] ^'^'^ ''\ which is the scale for the coupling 
of the Newtonian potential to matter. The remaining 2^5§ factor is a relativistic effect which is 
rarely accounted for in the literature, but it suggests defining a relativistic reduced Planck scale 
Mr = 3C^/'^^~''\ which can be lower than Mp by a factor of up to 1/2. 

PACS numbers: 04.50.-|-h, 04.20.-q, 06.20.fa 



The constant of universal gravitation Gn = 6.67 x 
10~^^ ni^kg~^s~^ 0, introduced by Newton in 1666 and 
first measured by Cavendish in 1771, sets the strength of 
gravitational interactions. In Newton's original model, it 
appears simply as a constant of proportionality in front 
of a phenomenologically motivated inverse square force 
law. Later developments lead to an understanding of the 
inverse square law as arising from a more fundamental 
Gauss law. The Gauss law describes the conservation of 
flux lines as they spread out across the surface of a sphere 
at ever increasing radii. With the benefit of hindsight, 
it would have been more natural for the denominator of 
Newton's equation to be not simply 



surface area of the sphere Vol(S 



', but rather the 
iirr^. With the 
insertion of this extra An in the denominator, the overall 
constant setting the strength of gravitation appears to be 
47rGN. The Gauss law in turn arises as the Newtonian 
limit — that is, the limit of both weak fields and non- 
rclativistic velocities and stresses — of general relativity. 
In this theory, gravitation is the dynamics of the space- 
time metric, and the coupling of metric perturbations to 
matter is given by 167rGN. 

With the additional consideration of quantum me- 
chanics, one can work in the so-called natural units 
of particle physics {h — c — 1) and form the char- 
acteristic length scale of quantum gravity, the Planck 
length £p = a/Gn, and the corresponding Planck mass 
Mp = 1/^p « 1.2 X 10^^ GeV. But, the above discus- 
sion implies that depending on the theoretical context, 



one might consider the so-called "reduced Planck mass" 
Mp = Mp/^/Itt « 3.4 X 10^* GeV or an even smaller 
relativistic reduced Planck mass Mp — Mp/^/lGn w 
1.7 X 10^^ GeV as the true quantum gravity scale. 

The above discussion is unimportant if one is only con- 
cerned with the scaling of power laws and dimensional 
analysis. It remains of little consequence until one consid- 
ers variations and extensions of Newton's phenomenolog- 
ical model, perhaps motivated by deep theoretical prin- 
cipals. One such variation, which is natural to consider 
following the insight that the physical content of the in- 
verse square law lies in a more fundamental Gauss law, 
is gravitation in d — 1 spatial dimensions, rather than the 
usual three. An immediate consequence is that the scal- 
ing of the force law with distance changes from 1/r^ to 
2^j,d-2 B^^^ determining the exact form of the force 
law, coefficients and all, one is faced with a choice of how 
to insert unitless numerical factors. For example, should 
the numerator of Newton's law read Gn, 47rGN, or some 
d-dependent factor times Gn? Every potential choice is 
a valid convention as long as it is used consistently. How- 
ever, if one has a theoretical framework in which it makes 
sense to compare the strength of gravitation in varying 
dimensions, the prefactor multiplying Gn will enter into 
the ratios of physical scales. 

For example, many string theory inspired models of 
particle physics phenomenology have been proposed in 
recent years in which some or all of the matter fields 
are confined to a four-dimensional defect, a so-called 3- 



2 



branejwhich is imbedded in a d-dimensional bulk space- 
time 0, IE S Hi IE for example]. Gravitation is nec- 
essarily d-dimensional in these scenarios, since it is the 
dynamics of spacetime itself. Some, all, or none of the 
d — 4 "extra" dimensions can be taken as compactified 
on a microscopic scale approaching the Planck scale. The 
remainder can be taken as large, sometimes up to mil- 
limeter scale, with the details depending on whether the 
extra dimensions are flat, warped, or otherwise behaving 
in an interesting way within the given model. For exam- 
ple, in the simplest case of 0, S 01j the d-dimensional 
reduced Planck scale Mp(d) is effectively diluted by the 
extra-dimensional volume V(j;_4) such that the result- 
ing four-dimensional reduced Planck scale is given by 
Mpj^^ — V(rf_4)Mp^^^. In this case, it has been proposed 

that while Afp(4') w 3.4x 10^^ GeV, the fundamental scale 
Mp(^d} could be made closer to 1 TeV. See j3] for a review 
of brane world phenomenology. 

We will examine a convention for Gn in d spacetime 
dimensions which reflects the physical interpretation of 
the nonrelativistic gravitational force law as describing 
the density of diverging, conserved field lines, commen- 
surate with its origin in a Gauss law, which in turn arises 
as the Newtonian limit of general relativity. This conven- 
tion will be slightly different from others in the literature 
0, S for example] , but we will use standard h = c = 1 
units. 

We start with the simplest generally covariant action 
for a dynamical spacetime metric, the Einstein-Hilbert 
action: 



(1) 



where g is the determinant of the metric and R is the 
Ricci scalar curvature. The overall coefficient is defined 
as 1/%^. Although we will not show it explicitly here, 
a linearized metric perturbation will have a canonically 
normalized kinetic term in its Lagrangian when a factor 
of 1/23C is absorbed into the field definition. Accord- 
ingly, the units of are [mass]^'*^^^/^, just like a scalar 
field. After this field redefinition, 3C appears in the ac- 
tion as the effective coupling constant between the metric 
perturbation and any matter in the system. It is there- 
fore natural to define a relativistic reduced Planck mass 
Mr = l/3C^/('^~^) as the scale of fundamental interac- 
tions in quantum gravity. The quantity more commonly 
found in the literature, however, is the standard reduced 
Planck mass Mp, which is defined as the coupling scale 
of the Newtonian potential to matter. As we will see 
below, the Newtonian potential differs from the metric 
perturbation by a c?-dependent factor. So, Mp will differ 
from Afft by a corresponding factor. We will work with 
3C for now and return to Mr and Mp in our conclusions. 
When coupled to matter, the action yields the Ein- 



stein equation of motion: 



Rab — \gabR = —^Tab 



(2a) 



or equivalently 



Rab = ^ [Tab - ^9abT^) ' (2b) 

where Rab is the Ricci curvature tensor, gab is the metric 
tensor, and indices a, 6, c run over all d spacetime coor- 
dinates, {0, 1, . . .d — 1}. The energy-momentum tensor 
Tab is defined as 



Tab — 2- 



(3) 



The factor of 2 in Eq. Q , or equivalently the one in the 
denominator of Eq. H2a|l , is not an arbitrary convention. 
This factor ensures that the energy-momentum tensor so 
defined — that is, by variation with respect to the metric, 
of which there is usually one power in a kinetic matter 
Lagrangian — actually corresponds the canonically nor- 
malized energy-momentum tensor that is derived as the 
Noether current of translations — that is, by variations 
with respect to the matter fields, of which there are usu- 
ally two powers in a kinetic matter Lagrangian. 

To connect to the Newtonian limit, we first need to 
consider the Einstein equations in the weak field limit, 
such that we can reliably treat gravitation as a linear 
perturbation hab of the metric gab about a Minkowski 
background jjab- gab = Vab + hab, with Minkowski metric 
rjab = diag[— 1, 1 ... 1]. The tensor hab has a large gauge 
symmetry corresponding to general coordinate transfor- 
mation invariance. We choose the well known gauge 



daK 



\dbhl. 



(4) 



Incidentally, the usefulness of this gauge depends on the 
factor of i on the right hand side of Eq. Q). This 
can be traced back to the fact that the metric is a 
rank-2 tensor and that its Lie derivative is therefore a 
sum of two terms, which does not depend on dimension. 
Making the convenient definition hab = hab — \ilabh% 
{hab = hab-j^VabK)i Eq. (EI) reads dah"'' = 0. In four 
dimensions, hab is sometimes called the "trace reversed" 
metric perturbation because /i^ = — /i^ in that case. The 
trace reverse property does not hold for general d, but 
hab as we have defined it is still a useful quantity. Ex- 
panding Eq. Q to linear order in hab and applying the 
gauge choice, we find: 



or equivalently 



d^hab = -OC^Tab, 



1 



d'hab = -OC' ( Tab - JZr^VabT, 



(5a) 



(5b) 
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where 9^ = 'q°'^dadb is the d'Alembertian operator. 

To reach the Newtonian hmit, we go beyond the weak- 
field Hmit by further taking the nonrelativistic limit. In 
this limit, p = Too ^ ^oi ^ Tij. (Note, indices i and j 
run over the d—\ spatial indices.) That is, pressures and 
fluxes are negligible sources of gravitation in comparison 
to energy density. We also take the nonrelativistic limit 
to imply that evolution in time is slow in comparison 
to the spatial extent of matter distributions, such that 
time derivatives can be ignored with respect to spatial 
gradients. Demanding regular solutions of Eq. H5a|l then 
gives 



hoi ~ hi 







and 



(6a) 



(6b) 



where is the Laplacian in [d — l)-dimensional Eu- 
clidean space. Since /loo is the only nonzero component 
of hab, we also find hf^ — — /loo- Thus, 



d-3T 



hoi =0 



(7a) 
(7b) 
(7c) 



where Sij is the (d — l)-dimcnsional Kronecker S. 

Having considered the dynamics of gravity in the New- 
tonian limit, we must now examine the motion of test 
masses under the influence of gravity, but no other forces, 
in the same limit. The trajectory of such a test mass 
is given by a geodesic curve. This is a curve x°'{t) — 
where are d-dimensional spacetime coordinates and r 
is proper time along the curve — which parallel trans- 
ports its own tangent vector = dx"' /dr: 



du"" 
"d7 



V^Xu" = 0, 



(8) 



where F^^ is the Christoffel connection 



In the nonrela- 
tivistic limit, T w = u" w 1, and w 0. So, the 
spatial part of the geodesic equation becomes 



df^ 



-r; 



00 



(9) 



where a* is the test particle's coordinate acceleration. 
Applying the Newtonian limit to the Christoffel connec- 
tion in Eq. @, we get 



(10) 



such that 



-5V- 



(12) 



As an aside, we note a second derivation of Eq. H10|l . 
In Newtonian kinematics, the relative separation of 
two nearby particles in an acceleration field a' is given 
by d^y^ /dt^ — y^dja^, the tidal acceleration. The cor- 
responding quantity for two nearby particles in geodesic 
motion on a curved spacetime is given the equation of 
geodesic deviation, d^y"- /dr"^ = —y'^Rbcd°'u''u'^, where w° 
is the tangent vector along the geodesies and Rbai^ is 
the full Riemann curvature tensor. In the same Newto- 
nian limit used above, we find d^y^/dt^ « —y^'Rojo ~ 
^y^djd^hoo- This again suggests, as in Eq. ifTUI) . that 
a* = ^d^hoQ. Of course, the two arguments — one in 
terms of geodesic motion and connections and the other 
in terms of geodesic deviation and curvature — are only 
superficially different. More importantly, however, both 
arguments are purely kinematical. At no point do they 
invoke any dynamical content of the Einstein equations 
or any other theory of spacetime dynamics. 

Combining Eqs. (|6bl I7al and lll|l we get 



ac2(d-3) 

2(rf- 2) 



-p- 



(13) 



Integrating Eq. (|13() for a point mass M stationary at 
the origin — that is, p — M6^'^^^'> (x^), where S'^^^x) is 
the n-dimensional Dirac S — gives an acceleration field 
for a test mass of 



M 



3<:2(d-3) 



Vol (§<i- 



2{d-2) 



(14) 



(see Fig. [TJ. 



in the inward radial direction. Of course, Vol(S'' ^) 

2^(<i-i)/2 

r((<i-i)/2) 

Since the physical context of the l/r'*"^ law is that 
there is a total flux generated at some small distance 
which is conserved as it spreads out over the area of a 
sphere at a larger distance r, we take Eq. H14|l to repre- 
sent the ratio of the areas of the spheres at these differ- 
ent distances. So, the factor 2{d-2) should be thought 
of as the area of a sphere of some special unit radius. 



JC^(rf-3) _ 
2{d-2) 



Vol (S'^-^)^: 



d~2\ijd-2 
P ■ 



We then define 



— I)d~2 _ 



as the basic unit for counting square areas. Thus, 



^d-2 
^d-3 



Vol(§'*-^)G: 



(15) 



Thus, the acceleration a* of a particle under the influ- 
ence of an approximately Newtonian gravitational field 
is given by minus the gradient of a potential 



if : 



■00, 



(11) 



(again, see Fig. With this choice for the d and Gn 
dependence of 3C, the Newtonian acceleration field reads 



M- 



Vol(§^" 

of radius r. 



where Vol (§") is the volume of an S" 
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Mp or Mr is not of great numerical significance. Some 
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FIG. 1: Two d-dependent quantities are plotted in the range 
3 < d < 26. The solid line is Vol(S''"^), and the dotted line 
is 3C^/Gn as given in Eq. H15|l . Axes are unitless. 
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authors, such as omit the factor 



d-3 
2(d-2) 



from their def- 



inition of Mr, leaving what is often denoted Mp. These 
authors are using the coupling of the Newtonian poten- 
tial, rather than the relativistic metric perturbation, to 
define the Planck scale. This distinction is stated explic- 
itly in 4], but many authors are not so careful. The result 
is that Mr is even more suppressed than M-p relative to 
Mp. This effect is greatest in lower dimensions, taking 
its strongest value of ^ in d = 4. The value asymptotes 
to 1 for large d (again, see Fig. [2J). 

We have calculated the relationship between the co- 
efficients which set the interaction strengths of classical 
general relativity and of it's Newtonian (weak field, low 
velocity) limit. The result is Eq. IjlSfl : 



2^Vo1(§'*-2)Gn. 

a — 3 



We argued on physical grounds that the Planck length 



and mass should be defined as ^p = G 



G 



l/{2-d) 
N 



l/(d-2) 
N 



and Afp 



respectively, in agreement with typical defini- 



tions in the literature. Eq. (|15|l defines a natural rela- 
tivistic reduced Planck scale via 'X? = M 



which is 

physically relevant because % is the coupling strength of 
metric perturbations to matter. We noted that some au- 
thors define a reduced Planck scale based on the coupling 
strength of the Newtonian potential to matter, which can 
differ from Mr by a factor of up to i. While each of Mp, 
Mp, and Afp exhibit regimes where they are computa- 
tionally convenient and physically relevant, Afp is the 
one which appears most directly in the action of gen- 
eral relativity. In that sense it can be regarded as more 
fundamental than the others. 



FIG. 2: Ratios of assorted Planck scales are plotted in the 
range 3 < d < 26. The solid line is Mr/Mp, the dotted line is 
Afp/A/p, and the dashed line is Afp, /Afp. Axes are unitless. 

Comparing Eq. to the definitions of the Planck 

mass and relativistic reduced Planck mass, we find 

The ratio Afp/A^fp is a monotonically increasing function 
of d, scaling as approximately ^/d at very large d (see 
Fig. 121). The ratio's value is less than I for d < 22, but 
only moderately so; it's smallest nonzero value is only 
1/(4y^) sa 0.14 at d = 4. So, for the typical regime of 
interest for phenomenology, 4 < c? < 11, whether one uses 
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